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A Scalable Protocol for Cooperative Time
Synchronization Using Spatial Averaging

An-swol Hu Sergio D. Servetto

Abstract—Time synchronization is an important aspect of B, Motivation for Cooperation
sensor network operation. However, it is well known that synchre -
nization error accumulates over multiple hops. This presents a [N order to reduce the scalability problem, we need to
challenge for large-scale, multi-hop sensor networks with a large find ways to reduce the synchronization error at each hop.
number of nodes distributed over wide areas. In this work, we There are two primary ways to accomplish this. The first is
oo b s s W sy 10 COllect mare timing iformion, Wit more tiring deta
quantify the synchronization improvement achieved using sypatial nodes can generally make a better estimate of clock skew
averaging and find that in a basic cooperative network, the @nd clock offset. For example, RBS and FTSP both let nodes
skew and offset variance decrease approximately as/ N where collect many timing data points before estimating clockwske
N is the number of cooperating nodes. For general networks, and clock offset. A timing data point provides a node with
simulation results and acomparison to basic cpoperative netvyork the time at a reference clock at a specific time in its local
gzsr?(ljtrsmegﬁcz.sed to illustrate the improvement in synchronization time scale. With more data points, synchronization errdr wi

decrease. This idea is essentially doindime average to
estimate clock skew and clock offset. However, this is not
necessarily practical since it would significantly incredke
A. Synchronization and the Scalability Problem time to synchronize and the amount of network traffic.

Many synchronization techniques have been proposed forThe second primary approach is to improve the quality of
synchronizing sensor networks [1], [2], [3], [4], [5]. Thees the timing data point. For example, TPSN and FTSP use MAC
techniques all rely on nodes exchanging packets with timitayer time stamping techniques that are more accurate. How-
information. Using the exchanged timing information, eacéver, we believe that there is a fundamentally new technique
node can then estimate clock offset and maybe clock skdat improving data point quality that has not been considere
However, all of these traditional synchronization teclueisy before. This new idea is to use spatial averaging to improve
suffer from an inherent scalability problem—synchroniaati data point quality. In a high density network, we have a large
error accumulates over multiple hops. At each hop, nodds wiumber of surrounding nodes. Instead of only doing a time
estimate synchronization parameters, but the estimatls \average to estimate the clock skew and clock offset, perhaps
have errors. Therefore, when these erroneous parametersva can also do apatial average to improve these estimates.
used to communicate timing information to the next hop,rsrro
will fL_thher Increase. . C. Approach to Cooperation

This accumulation of error over multiple hops poses a i
problem as sensor networks are deployed over larger areflarg We assume the network is setup such that one node, called
areas. The number of hops required to communicate across/iRd€ 1, has the reference clock that all other nodes want to
network increases and, thus, the synchronization errarsacrSYnchronize to. Nodé will communicate timing information
the network increases as well. One possible way to avoid f#ethe nodes in its broadcast domain, thg nodes. Ther,
scalability problem is to use a few nodes with powerful radigrodes will then communicate timing qurmauon to the .nodes
to limit the number of hops required to communicate timinff!at aré another hop out, ti&; nodes. This process continues
information across the network. However, this techniquesdoUntil @ll nodes are synchronized (Fig).
not address the fundamental scalability problem of errorsEach node in;, 7 > 1, will use information from thef?;
accumulating over multiple hops. nodes to estimate its cIo_ck skew and clock offset. With these

In this work, we consider the use of high density networkarameters, the node will be able to send a sequence of
to mitigate the scalability problem. Recent developmesis [ PUlSes that are approximatedyseconds apart in the reference
[7], [8] suggest that future networks may have extremelggar ime scale, wherel andm are pre-specified by the protocol.
numbers of nodes deployed over wide areas. The questi%'h”Od_es in theR,; set will be attempting to_send pulses at the
we consider is whether or not the density of future network§me time. However, due to synchronization error, the pulse
can be used to address scalability issues that plaguengxis/ill only be occurring at approximately the same time. Thus,

I. INTRODUCTION

techniques. any node in theRk;,; set of nodes will observe: clusters of
pulses instead of just individual pulses.
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network density improves synchronization performance.

D. Other Related Work

The traditional synchronization techniques describe in [1
[2], [3], [4], [5] all operate fundamentally on the idea ofrne
municating timing information from one set of nodes to the
next. One other approach to synchronization that has rgcent
received much attention is to apply mathematical models
of natural phenomena to engineered networks. A model for

Fig. 1. For increasing, the R; nodes are progressively farther anothe emergence of synchrony in pulse-coupled oscillators wa

farther away from reference node the Ry, node. Each node in the dev_eloped in [9] for_ a fully-connected group of identical
setR; receives its timing information from a group of nodesiin ;.  oscillators. In [10], this convergence to synchrony reswds

extended to networks that were not fully connected.

The convergence result is clearly desirable for synchro-
each cluster allows us to average out some of the error madenipation in networks and in [11] theoretical and simulation
any one node ii?;. The process of having each nodefin;; results suggested that such a technique could be adapted to
use the sample mean of each cluster as a timing data poingégnmunication and sensor networks. Experimental vabdati
the key to spatial averaging. Since eakh,; node can use for the ideas of [9] was obtained in [12] where the au-
timing information from many surrounding neighbors i), thors implemented the Reachback Firefly Algorithm (RFA) on
we call our techniqueooperative time synchronization. Using  TinyOS-based motes.
these timing data points, and some additional informatiomf  The problem with these emergent synchronization results is
the R; set, every node in?;;; can estimate its clock skewthat the fundamental theory assumes all nodes have nearly th
and offset. Thus, this process can then repeat to syncleroréame firing period. Results from [11] and [12] show that the
the R; 1> nodes. convergence results may hold when nodes have approximately

The difficulty in studying this problem is that, generallythe same firing period, but the authors of [12] explain that
the m clusters observed by any particular nodefin,; will  clock skew will degrade synchronization performance. &inc
be different from them clusters observed by any other nodgve are not aware of any results that provide an extension
in R; 1. This is because the clusters observed by a node will deal with networks of nodes with arbitrary firing periods,
depend on where this node is located relative to fheset our work focuses on synchronization algorithms that eipfic
of nodes. Therefore, to study how cooperation can improéetimate clock skew.
synchronization, we approach the problem in two steps.

First, we set up a basic cooperative network (Type | net-
work) that is a base case for cooperation. The key assumption
in a Type | network is that all nodes i, ; are in the In this paper, we propose a protocol for time synchroniza-
broadcast domain of all nodes iR,. Note that this is a tion that uses spatial averaging to improve synchronimatio
generalization of the non-cooperative situation wherdnigm performance. In this work we make the following analysis:
information is passed from one node to the next. Fig. 1) Mathematically quantify the synchronization error for
compares the basic cooperative network to a non-cooperativ  the Type | basic cooperative network.
network. With the Type | network we analytically quantify 2) Through simulations, show that increasing node density
how the variance of the skew and offset estimates grow with  can decrease synchronization error in general networks.

increasing hop number. The results show that if each node can hear a large
number of neighboring nodes, then nodes can cooperatively
generate signals that are less noisy and allow for better
O . . .
node 1 synchronization performance over multiple hops. The faat t
more cooperating nodes yields better performance meahs tha
R R R R there exists a new trade-off between network density and
node 1 node 2 node 3 node 4 synchronization performance where more nodes providemett
synchronization. Even though it is possible to achieveebett

Fig. 2. Top: A basic cooperative network (Type | network) whergynchronization performance by introducing nodes with pow

timing information is communicated from thi; set of nodes to the erful radios to synchronize a large-scale network. codisera
R;+1 set. This Type | deployment assumes many nodes in éach 4 9 ’ ex

set. Bottom: Assuming each; set has only one node, we have thdime synchronization is an effective alternative techeiqa
non-cooperative situation. reducing synchronization error across the network without

requiring special nodes.

Second, we use the theoretical results from the basic coopThe remainder of the paper is organized as follows. In Sec-
erative network to understand the behavior of a general Tlypdion Il we set up the general network assumptions and present
network where nodes are uniformly distributed over a caculthe synchronization protocol in Sectidh. The analysis and
area. Simulation results are used to illustrate that irsinga simulations of the protocol for a basic cooperative netwane
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presented in SectidV while a study of cooperation in general [1l. SYNCHRONIZATION PROTOCOL

networks is carried out in Sectio. We make concluding 15 start synchronization, the reference node, nodeil

remarks in Sectiov1. send a sequence af pulses that arel seconds apart. Since
we assume the nodes have impulse radio transmitters, each
pulse is extremely narrow in time. The values dfand m
A. Clock Model are parameters of the protocol that are established before

The behavior of each nodgis governed by a clock; deploying the network so the values are known by all nodes in
that counts up fronD. The introduction ofc; is important the network. Therefore, in the time scale of nddihe pulses
since it provides a consistent timescale for nod€his is the are transmitted at times), o +d, ..., 79 + d(m — 1), where
node’s local time scale and in synchronization the nods tde 7 is the time at which the synchronization process started.
estimate how its local clock is related to the referencelclocLet nodel be the only element of th&, nodes.

We assume that nodé contains the reference clock and
every node in the network is to be synchronized to this clock. /P”'Se clusters observed by node 2i

T [

Il. SYSTEM MODEL

The clock of nodel, ¢, will be defined as: (t) = t where
t € [0,00). We now define the clock of any other arbitrary

nodet, ¢;, as
cit) = ai(t — Ay) + Wi(1), 1) ‘ ‘ ‘ ‘ !
To+tdm To+dm+l) Tg+d(m+2) oo Tp+d(2m-1
where 0 o*td(m+l) Tg+d(m+2) o*d( )
o A, is an unknown offset between the start timescpf Fig. 3. A node2i in Ry has clockez;. This node will see clusters
andc;. of pulse arrivals that are transmitted from a group of nodes in the

« a; > 0 is an unknown constant for each setR;. These clusters arrive at no@é around timesry + dm, 10 +

. . . . .d
o U,(t) is a stochastic process modelling random timing
jitter. W,;(t) is a zero mean Gaussian process with inde-

endent and identically distributed Gaussian samples wij hThe nodes that are in the broadcast domain of ribdell
P Yy . 9 P Hear this sequence of pulses. We call these nodes thg
mean zero and variance?®, i.e. N'(0,0%). We assume

5 9 . : nodes and each node= Ry, i > 1, will be denoted by node
gf r;éx; gnd note thar™ is defined in terms of the clock 1i. The vector of pulse arrival times observed by nadevill
o . o . ) be denotedy ;. Each nodd: will be able to estimate its clock
Note that this linear relationship is valid for short pesoof ¢, o\ since it knows that node transmitted these pulses

(m+1),...,70 +d(2m — 1) in the time scale of nodg, c;.

time since we do not explicitly model clock drift. seconds apart. Each nodewill also predict, in its own time
o scale, when timesy +dm, 7o +d(m+1),...,790+d(2m—1)
B. Transmission Model will occur in the time scale of nodé and transmitn pulses,

Each nodei in the network can transmit short pulseg§) one at each predicted time. This means that each hougil
for time synchronization. These are short duration pulses, transmit a pulse approximately at timas+ dm, 7o + d(m +
ultra wideband pulses, and for our purposes we consider thém. .., 7o + d(2m — 1) in the time scale of nodé. When
to be delta functions(¢). The particular choice op(¢) is the R; nodes each transmit their sequencenofpulses, the
not important. For the purposes of studying cooperatives tinrmodes that can hear a subset of fig nodes, theR, nodes,
synchronization, we assume a node receiving the pulse aaill observe clusters of pulses around the timgs-dm, 7o +
uniquely determine a pulse arrival time, pulses sent frodim + 1),...,79 + d(2m — 1) since each nodei can hear
different nodes do not overlap, and a node seeing multipieany R, nodes (Fig.3). In fact, we make sure each nog@ée
pulses can identify the different pulse arrival times. Notean hear a cluster by requiring the node to observe at I§ast
that only minor modifications of the protocol are needed faulses in each cluster. If a node sees less thai pulses in

accommodate other types of pulse shapes [14]. a cluster, then it will not make observations. Each n2dea
We assume that each node has a transmission range ofnodei € R,, will note the arrival time of each pulse in ti¢h
This means that a nodg must be within a distanc& from cluster,k = 1,...,m, and take the sample mean of these times

a transmitting node in order to hear pulses from node to be itskth observation. Nodei’s vector of observations will
Note that the assumption of a circular transmission regsonbe denoted a¥ ,;. Using thesen observations, any nod&
made only to simplify the illustration of spatial averagingwill be able to estimate its clock skew since it knows that
The synchronization protocol proposed in Sectitin does these observations should be occurrihgeconds apart. As
not require this assumption and most of the results in thigell, it will be able to predict in its local time scale when
work will hold under more realistic conditions [15], [16].times Ty + d(2m), 7o + d(2m + 1),...,70 + d(3m — 1) will
Since we are dealing with sensor nodes who have shodcur in the time scale of the reference time. Nadewill
transmission distances, we further assume that propagatiben transmit a pulse at each of those predicted times. This
delay is negligible. We make this assumption since from [Bfrocesses will repeat until all nodes in the network have an
we know that propagation delay is less thiars for distances estimate of their clock skew. Notice that ths nodes are not
up to300 meters. Some results on cooperation and propagati@yuired to observéV pulses in each cluster since they will
delay are available in [13]. always only receive a sequencemnfpulses from nodé. Node



TABLE |

1 can simply broadcast a special packet to its surrounding The synchronization protocol for each nodla k > 1

nodes to identify the?, nodes. An illustration of the process
can be found in Figl and note that nodes will remain silent for
the remainder of the synchronization process after tratisigi
their m pulses. The cooperation occurs when a nbdm Ry, wait for pulse arrivals, at least N

k > 1, can take a sample mean of a cluster of pulse arriva per cluster;

To obtain the clock offset, thé, nodes will broadcast a| While (nunber of arrival clusters < m) {
packet of information to the?,., nodes,k > 0. This packet {fg?;g ?;' ngktelt m\;’m ?L al landeI S?/Sa;l Les:
will contain the value ofry and a numbely denoting the }: P i 4 '
number of hops out from node For example, nodéa will for each (pulse arrival cluster j) {
transmit the value ofy and¢ = 0 to the R, nodes. TheR; Yii[j] = sanpl e mean of cluster;
nodes will then send, andq = 1 to the R, nodes. In general, )
the Ry nodes will send andq = k to the R nodes. Any
nodek: will then know that its first observation approximately
occurred at timery + dmg in the time scale of the reference for (1 f.rom. 0 to m= ! Ty —1p3T
. . . transmission tinme X)) =C/(H H)” H" Yy,
time, where the value of is the one received from sét;, ;. transmt pulse at Xu(l);

We now describe how any node can estimate its clock :
skew, clock offset, and its pulse transmission times. From| while (transnitting pul ses) {

(1), we know that there is a linear relationship between the = send a packet with values 7 and ¢+1;
reference clocle; and the clock of nodé:, ci;. Nodek: will g

have a set ofn observations denoted by the x 1 vector
Y, where the elements of the vector are ordered from the
earliest observation time to the latest observation timedeN

Cooperative Tinme Sync

n

skew ap; = CH H) 'HT Y}
offset Api=CHTH) 'HT Y — (10 + dmq)

ki will estimate its clock skew as B. Analysis
dr = CHTH)'HTY}, 2) Due to the scalability problem, we would expect synchro-
nization error to grow as timing information from nod€the
and clock offset as Ry node) is communicated to a node in tRg set of nodes,

k > 0. Therefore, it is of particular interest to quantify how

A _C T —1yyT o _
Api = CHTH)"H Yy, — (0 +dm(k — 1)), (3) the variance of the skew and offset estimates change as a

whereC=[0 1,C=[1 0]and function. of the hop numbet:. Lpoki_ng at the structure of
the basic cooperative network in Fig, we notice that the
H- |1 1 1 - 1 g 4 skew and offset estimates at a nokle must be dependent

10 d 2d ... (m—1)d ) only on the estimates made by the nodeskip ; since all

R the information atR; comes from theR;,_; set of nodes.
Note that in the calculation of the clock offset;;, the term  Therefore, to understand the synchronization error growén
70 + dm(k — 1) is the time in the time scale aef, that node multiple hops, we need the distribution of the estimatesenad
ki should receive its first pulse. Node has used they and by the nodes inR; as a function of the distribution of the
q = k—1 parameters sent to it from thig,_, nodes. Nodéi estimates made by the nodes R),_;. Theorem1, below,
will also estimate its ownn pulse transmission times using provides us with this characterization.

In the statement of the theorem we ugdo be the column

7y T\ — 1137V .
Xii(l) = C(HTH) ™ H Y, ®) Vector of all zeros except for a one in th@ position and
whereC; = [1 d(m+1)], forl =0,1,...,m — 1. X;,;(I) H 0 ... 0
is the transmission time of nodki’'s (I + 1)th pulse. A 0 H ... 0
pseudo-code description is given in TallleNote that the H= ) , (6)
protocol described above is a completely new approach to the N -
asymptotic spatial averaging ideas we studied in [17]. 6 0 ... H
whereH is from (4). Also, a;; and A, are the clock model
IV. TYPEl: BAsiC COOPERATIVENETWORKS parameters fromi) for node ki.
A. Network Setup Theorem 1. Assume a Type | basic cooperative network.

1) Given the distribution of the N x 1 vector of estimates
The most basic and fundamental deployment of nodes trﬂﬁé(ld)e by theR;,_, nodes s

effectively employs cooperative time synchronization hie t

case whereall N nodes at any given'hop contribute to thel Op—1 ~N(fip_1,2k_1),

signals observed at the next hop. This Type | deployment is B

illustrated in the top of Fig2 where each set of nodeg;, the distribution of theN x 1 vector of estimates made by the
i > 1, have N nodes. We see that every nodeRy is in the Ry nodes, ) )

broadcast domain of every node R}y_;. O ~ N (i, X),



is found as foIIowsﬁk has mean vector
iy = E(6k)
= E(Akék71 + By)
= Ayfiz—1 + By

Oékl(Tg + (k — 1)md — Akl)

Qg1

RN

and covariance matrix

(T + (k= 1)md — Ay x)

ik = COV(ék) =Ym, + Akik_lAg

for
Y, = HH)'H Sy, (H'H)'H")"
EWk = Qk2®k71Q£ + UQINHL
akllm
Qi = :
2 N
o 1
E\i; = =5 Im
“rN? ; 1)
where
r 1 dm 0 0
Ak—1)1  Yk-1)1
L 0 0
Q(k—1)1
A, =D,
0 1 dm
X(g—1)N Y(g—1)N
0 0 -
L A(k—1)N
(67’51 0 N A1 0
1 0 QL1 . 0 (67751
D = — . .
k N :
0 QN 0 (67%
A(lc—1)1 Oéklﬁkl
0 0
B, =D, - :
A(k—l)N QpN Ak-N
0 0

The initial conditions are

all(TO - Au)
Q11

ayn (10 — AlN)

()

8)

(2) The skew estimate and offset estimate for nédean
be found as

Qi = 6%1(1‘_1)_;,_29_1@ (9)
Aki = eg(ifl)Jrlék — (To + dm(k: — 1)) (10)

fori=1,2,...,N andk > 1. A

The proof of Theoreml is found in the appendix. Since
the distribution off,, is available, the distribution of; and
A,; can be found. In fact, the variance &f; can be found in
element 2(i—1)+2, 2(i—1)+2) of ¥ in (8) and the variance
of A; can be found in elemen(i — 1) +1, 2(i — 1) + 1).
The mean ofay, is the (2(: — 1) + 2)th element offy, in (7)
and the mean of\;; can be found from thé2(i — 1) + 1)th
element shifted by + dm(k — 1).

From the statement of Theoreth we see that the dis-
tribution of the estimates made by th&; nodes, 0, is
completely determined from the distribution 6f_,. This
recursive nature comes from the fact that the parameters
estimated by theé?,. nodes is only dependent on the estimates
made by thef?;_; nodes. The relationship betweép_lAand
6, can be intuitively understood in two steps. Firéj,_;
is the vector of synchronization parameters estimated by th
nodes inRy_;. Therefore, these estimates will establish the
synchronization parameters for tlig, nodes since thé;_;
nodes communicate timing information to tli& nodes. The
synchronization parameters fé;, are found as

Op = Akékﬂ + By

Second, th&?;, nodes will use the timing information from the
Rj._1 nodes to mqke an unbiased estimate of the parameters
6., which gives ugy,.

Since any nodéi's skew and offset estimates are found as
affine transforms of),, in (9) and (L0), respectively, we see
that any estimation errors made by ti ; nodes will be
propagated to th&; nodes’ estimates of clock skew and clock
offset. However, the intuitive understanding of coopemti
time synchronization comes from realizing that the ma#xix
takes an “average” ovel,_, thus mitigating the errors made
by any particular nodék—1)i. As a result, the synchronization
parameters communicated to tRg nodes will be less noisy
and, therefore, the skew and offset estimates made by a node
ki will have less error. We would, thus, expect the variance of
the estimates to decrease with increasiigNotice that our
Type | network analysis does not explicitly utilize the citar
transmission region with radiuB.

C. Smulation Results

In Fig. 4 we illustrate the MATLAB simulation results for
two 20 hop networks, one withV = 2 and the other with
N = 4. The following parameters were used:

R=1 d=5 m =4 o =0.01

For each network, a set oN = 20N + 1 nodes were
first placed in a Type | network deployment. Each node’s
skew parameter was then generated using= |X;| for
X; ~ N(1,0.005), independently for each node Node 1



was assumed to have; = 1. The cooperative time synchro-cooperative time synchronization is dependent on the n&two
nization protocol was then rus000 times using the deployed realization. However, we find that fer; values that are close
network. At each hop, th8000 skew and offset estimates ofto and centered arourid the variance curves follow the trend
one chosen node were used to generate the simulated skewestdblished by the theoretical variance curvesdpe 1, all
offset estimate variance curves shown in Bigrhe theoretical i. This can be seen in Figl where we have also plotted
variance value of the chosen node at each hop was computesl theoretical curves using; = 1 for all i for N = 2
using the recursive expression found 8).( and N = 4. As a result, the situation where; = 1, all i,

can be used to study the the performance improvement of
cooperative time synchronization without dealing speaifjc

x107° Clock Skew Estimate
1.8 T T T T

~ N =2 Simulation ' ' ' . -Hiea
A E:Efueﬁriii‘éa:( \ 4 with the skew values of individual nodes.
| = eoretical (o = . .
e — N=4 Simuiaon A 7 Therefore, to get a better understanding of how cooperative
Lall = N=4Theoretcal =1 N o time synchronization improves synchronization perforoggn

let us simplify the recursive expression i) for the special
case wherey; = 1 for all 7 and find a non-recursive expression
for skew and offset variance. The first thing to note is that
under the assumption of; = 1 for all i, A, = A andX%,,, =

>, are no longer dependent én Therefore, writing out the
recursive expression fot, (8), we have

Variance
o
@ =
T T

o
o
T

o
~
T

k—2
Sk=> AT, (A7) + AFIS (AT (1)
1=0
Using (11), Corollary 1 gives us the non-recursive expression

0.2

% 2 4 s s ; Nl‘o T for skew and offset variance.
Clskc Ot Extmate Corollary 1: For a basic cooperative network with = 1,
o8 — NS T all i, ai; and Ay; have the following mean and variance:
N = 2 Theoretical (a = 1) & N
Ml Nodsmuen ; E(bgi) =1
— . N =4 Theoretical (a = 1) ! ~ _
06 // 7 E(Akz) = *Aki
s 1202 20k — 1)
osf S Var(ay;) = 1 = 12
. o (Gei) d?>(m —1)m(m + 1) < * N (12)
S04
g ) 202(2m —1) o2 [4(k—1)(2m — 1
| Var(Ay) — o(2m—1)  o” [4(k —1)@2m —1)
m(m+ 1) N m(m+ 1)
L 12 12m
0.2 2
+(k—1)?( - -
( ) ( (m+1) (m—l)(m—i—l))
Lk =2k — )2k — 5)— 22T (13)
. _ 3 (m—1)(m+1)

a & I
0 2 4 6 8 10 12 14 16 18 20

Hop Numberk wherek is a positive integer. A
Fig. 4. Var(as) is plotted in the top figure and Vi) is plotted _Thg_prqof of Corollaryl is omitted since it is a di_rect
in the bottom figure as a function &f simplification of (L1). Note that the skew and offset variance
expressions are only a function bfand not:. The theoretical

In Fig. 4, we first clearly see that the simulated skew anskew and offset variance of thth node at thé:th hop (node
offset variance values nicely match the predicted themakti ki) can be found in element@( — 1) +2, 2(: — 1) + 2) and
variance values. As well, the expected decrease in skew &a¢i—1)+1, 2(i—1)+1), respectively, o83, in (11). However,
offset variance asV increases fron2 to 4 is immediately the skew variance values in elemerit§i(-1)+2, 2(i—1)+2),
noticeable. In fact, in both the skew variance and offsetvai = 1,..., N, are all equal and the offset variance values in
ance curves, we have an approximate halving of the variarelements 4(i — 1) + 1, 2(i — 1) + 1), i = 1,..., N, are also
values as we doubl&’ from 2 to 4. Also expected, is that the equal when we assume that = 1 for all i. As a result, we
variance values at each hop depend on the particular valgas consider the skew and offset variance at a hogthout
of a;, i =1,...,N. This dependence on the values result specifying a particular node. Notice also that, besidesitye
in the jagged skew and offset variance curves seen in4-ig.change in the mean of the offset estimate, the skew and offset
The N = 2 network hado; values ranging fron0.9073 to estimates are unbiased estimates of the clock parameters of
1.1342, while the N = 4 network had skew values rangingnode k.
from 0.8339 to 1.16609. Looking at the skew and offset variance curvesig)(and

The problem with having the variance curves depend @h3), respectively, we see that the variance growth decreases
the actual skew values is that the exact performance life 1/N. This 1/N factor in both (2) and (L3) is expected



since every node takes the sample meanVopulses to be  First, sinceR;, and R, will most likely have different
an observation. The variance of the observation decreikses humbers of nodes, we immediately see thgt,; will be a
1/N because it is a sample mean and, thus, it is not surprisi2igiy, . 1 | x 2| Rx| matrix andBy,, ; will be a2|R. 1| x 1 vector,
that the skew and offset variance values also approximat@yiere || is the cardinality of set?. This means that the

decrease like /N. length of vectord;, will change with every hop.
Second, for any nodg:+1)i in Ry, the set of cooperating
V. TYPEIl: GENERAL NETWORKS nodes inR;, will be different. Thus,A; will also reflect this
A. Network Setup difference. Therefore, every time we move from hio £ +1,

Nodes will not generally be clustered together as in tge correlation structure _CH"' will change. o
basic cooperative network, but be deployed in a more random!09ether, these two points suggest that even though it is pos
manner. As a result, to study general network deploymergs, fiPle to carry out the full analysis, the complexity wouldkea
will consider a Type Il situation where nodes are uniformi§h€ resulting expressions depend on the particular network
deployed with density over a circular region of radiué R reallzatlpn and not provide s_lgnlflcgnt m&gh_t mtq thelgem.
with node1 at the center. In such a setup, at any tkop > 2, In_ fact, it WOL_1Id be nearly ImpOSSIb|e to _V|suaI|_ze the resul
a nodeki in the R, nodes will seet least N nodes from the without carrying out a numerical evaluation. Since our goal
R,_, set of nodes. However, the exact number of observigjto comprehend the impact of spatial averaging on general
nodes will depend on node’s location in the region occupied Networks, we choose to proceed directly with simulatiorns an
by the R, nodes. compare the results with our analytical expressions foreTyp

An illustration of a Type Il deployment is shown in Fig. | networks.

We note that theR, node (nodel) is placed at the center of In the following analysis, we develop a basic understanding
the disk and theR; nodes occupy a circular region of radiu®f what we would expect to see in the simulation results that
R. However, the region occupied by thi¢, nodes fork > 2 are presented in SectiotC. We assume that the number of
is a ring centered around nodewith a ring thickness of nodes in any given area of the Type Il network is proportional
dmaz. FOr increasingk, the distance from nodé to the tO the area. The reason is that for uniformly deployed nodes
inner circular boundary of the region occupied by g set With densityp, the average number of nodes in an arkas

of nodes increases. Ap. Note that even though the analysis and simulation results
for Type Il networks use the assumption of a circular trans-
mission range of?, the simulation results in SectioiC still
provide valid insight when realistic transmission regi¢bs],

[16] are assumed since the figures illustrate synchrowizati
error as a function ofhop number. Therefore, regardless
of the shape of the transmission region, a node at hop
will have received the appropriate synchronization infation
and, thus, our simulation results reflect its synchronirati
performance.

1) Estimation of L: Our first consideration is to estimate
the number of hops,., required to communicate timing
information from nodel to the edge of the network a distance
LR away. In order to do this, we need a way to quantify
Fig. 5. A Type Il network deployment. Nodes are deployed wittﬁim“vk" Ir‘! Fig. 6, We_'”us'[rat?dmaﬂ ,and see thatlyaz,2
uniform densityp and nodel is at the center of the network. is determined by having the intersection of the two radius

circles contain an average &f nodes. This is because if we
increasead,,q..,2, then nodes at this increased distance will not
. see N nodes on average and, thus, not be considere®-an
B. Analysis node. Howeverd, o, i > dmaz.2, fOr k > 2, because the ring

To study a Type Il network, we could carry out an analysisccupied by th&?;, nodes increases in size for increasing\s
similar to the one we did for the Type | basic cooperativg result, we choose to be conservative andijgt., 2 drmaz 2
network. Assuming we know the location of all nodes for approximatet, ... . for all k. This means that our estimate of
given network deployment over the circular region of radiug using d,.. Will be greater than or equal to the number of
LR, we would be able to determine the neighbors of eagfops required to reach a distancelo® when the differences
node and then readily extend the Type | analysis to this Typejh dmax.1, @re considered.

network. The primary change that would occur in the analysis| ot 4 pe the area of the intersection of the two radis
is the determination of the affine transform circles in Fig.6 and we have from [18] that

R, nodes Rg nodes

O — Opy1 = App10 + Bigr.

R—-h
_ 2 —1 /
However, there are two issues that arise in determining the 4 = 2 (R cos ( R ) — (R—h)V2Rh ~ h2> :
transform matrixA ., and vectorBy ;. (14)



R, nodes

Ry nodes

area=A

Fig. 6. An illustration of dynaz,2-

Since A containsN nodes, we have that
A=N /p- (15)

From (@4) and (L5 we can numerically determiné thus
giving us

farthest from nodel (outer circular boundary), then it will
likely hear only N nodes fromR;,_;. That is, there aréV =
A;p nodes in areal,. Recall thatV is the minimum number
of Ri_1 nodes any nodé: will hear. However, looking at
(b) in Fig. 7, a nodeki at the circular boundary closest to
node1 (inner circular boundary) in thé?; region will hear
many more nodes. In fact, a nodé at the boundary between
Ry_1 and Ry will hear the largest average number of nodes
Npaz(k) = Azp. Since N and N,,.. (k) is the range of the
number of cooperating nodes seen by a nod&jnit would
make sense to plot Type | expressioi®)(and (3) using
these two values. HoweveN,, ... (k) varies withk. In Fig. 8

we illustrate the regions occupied by ti& nodes fork = 1,

k > 1, andk >> 1 overlayed on top of each other and in each
situation, we see that the set of nodesHp seen by a node
at the boundary between th&, nodes and th&;., nodes is
different for changing values d@f. However, it is clear that the
area of intersection always falls inside a semicircle ofusd.

As a result, we will approximat®/,,,,,, = maxy.;>2 Npaz (k),

by upper bounding the maximum area of intersection with the

dmaz = R — 2h. 16 | )
B (16) area of the semicircle. This means that
As a result, we need. to satisfy 5
_ N, ~ ﬁ (18)
R+ (L - 1)dmuw > LR maz ~ P :
which means that Thus, in comparing Type Il and Type | results, we will use
_ L—1 and N,,,.. in (18) with both (12) and @3)

2) Comparison to Type | Networks: We will compare the
Type Il network simulation results to the Type | analytical
results. This comparison will allow us to carry over the
intuition regarding spatial averaging that we have dewstop
for the basic cooperative network. However, Type | and Type
Il networks differ primarily in that Type | networks assume
that all nodes will observé/ neighbors from the previous hop
while any node in a Type Il network will only ses least N
nodes. Thus, if we want to compare Type | and Type Il plots,
we need to establish some meaningful choices of the number
of cooperating nodes for use with expressiob®) @nd (@3).

Fig. 8.

R, nodes

Ry nodes, k>1

d max

R nodes, k>>1

_ node (k+1)

The regions occupied by the, nodes fork = 1, &k > 1, and

k >> 1 overlayed on top of each other. The region of nodes seen byla no

node ki node ki

at the inner circular boundary d®x; changes withk.

Using N with (12) and (L3) will provide a curve that tends
to be higher than the Type Il simulated curves for two main
reasons. First, sinc& is the minimum number of nodes in

Ric1 areaA ,

R, that a nodeki in R, will hear and we know that a
larger number of cooperating nodes will result in decreased
estimation variance, the variance values computed using

will tend to be higher. Second, even if a ndden R, hearsN

() (b)

nodes fromR;,_,, each of thoseV nodes did not necessarily

Fig. 7. (a) Nodeki at the outer circular boundary of tie, set of ©Only hear N nodes fromR;_,. Thus, the skew and offset
nodes. (b) Nodé: at the inner circular boundary of th, set. estimates made by each of thodé nodes inR;_; whose
transmissions are being heard by nddenay have a variance
Looking at (a) of Fig.7, we see that if a nodé: in the that is less than predicted byld) and (L3) using N. The
region occupied by thé?, nodes is at the circular boundaryimproved skew and offset estimates made by the nodes in



Ry—1 will thus lead to a lower estimation variance for nodeun, a new network of nodes was uniformly deployed over a
ki even though nodéi hears onlyN from Rj,_;. circular area of radiud R = 5 and the MATLAB simulator

Using N,.q. With (12) and (3) will provide a curve that implemented the cooperative time synchronization prdtoco
tends to be lower than the Type Il simulated curves for twBesides plotting the Type | comparison curves described in
similar reasons. First, sincd,,... is the average number of SectionV-B.2, we also plot the sample variance of the best
nodes heard by a node at the inner circular boundar®,gf performing node and the worse performing node. In each
k > 2, and all other nodes i®; will on average hear fewer run, the node inR; that sees the fewest number of nodes
nodes, a Type | curve usingy,,.. will tend to yield lower from Rj_; is considered the worse performing node while
values. Second, not all nodes ®y,_; make their estimates the node inR; that sees the largest number of nodes from
using a signal cooperatively generated/y,,., nodes. In fact, Rj_; is the best performing node. For tfi# run, the fewest
most nodes inR;_; observe fewer tharV,,,. nodes. As a number of nodes seen by a nodefy is denotedX ") (k)
result, the lower quality estimates made by some ofRhe; while the largest number of nodes seen by a nodéjnis
nodes will cause the estimation variance of fenodes that denoted Xﬁﬂm(k). The skew and offset estimate of the best
hear Ny,.... from Rj._, to be greater than predicted b2 and worst performing node at each hop is recorded and the
and (L3) using Nynaz- sample variance over th#00 runs is plotted.

3) Synchronization Performance and Node Density: The  The top figure in Fig9 illustrates the sample skew variance
third issue we want to address in analyzing a Type Il netwodrves of the worst and best synchronized node along with
deployment is how to decrease synchronization error when W@ Type | curves for comparison. The bottom figure in Big.
know from Sectiorv-B.1 that the number of hops required jllustrates the clock offset estimate sample varianceeNoat
to communicate timing information from nodeto the edge using equation 17) and the parameters in Tablg we find
of the network a distancd.R away is determined byV. thatZ = 7. From the simulations, we also see thiatops are
Given a fixed R, we can start with soméV and p. Using required to traverse the network. In fact, ofy32% of the
(14), (15), and (6), we can determine the value @f,... and, networks required more thahhops to reach all nodes in the
hence, from 17) the number of hop4 required to send timing network.
information from nodel to the edge of the network. In order As predicted in Section-B.2, we clearly see in Fig9

to decrease synchronization error at a distahéefrom node that the worst case variance and the best case variance are
1, we need to increas&’. However, only increasingV will  sandwiched between the Type | comparison curves. Also, as
decreasel,, ., and increasd.. Therefore, we need to increasesxpected, the skew and offset variances do not closelywollo
both V-andp. From (L4) and (L5), we see that ifV/p is kept the upper and lower Type | comparison curves. The worst
constant, therk will be constant. Ifh is constant, then so is case skew and offset variance follow the upper comparison
dmaz- AS a result, by increasing node density, we can increaggive for the first2 hops and then begin do deviate from
the minimum number of cooperating nodadsand therefore the curve. As mentioned in Sectio#B.2, this is because

decrease synchronization error. the nodes contributing to the worst performing node may
have received signals from more thavi nodes. Similarly,
C. Smulation Results the best case skew and offset variance follow the lower

cgmparison curve for the first hops before deviating. This

a o :

IS because many of the nodes contributing signals to the
best performing node made their estimates using a signal
cooperatively generated by less thaf,,, nodes. Also of
interest is the steep decrease in the worst case skew and
.noffset variance at hog = 7. This is due to the fact that on

: S . g/erage, the distance from the outer circular boundary @f th
without considering effects that are dependent on thequéati R region to the network boundary is much less tiag,.. As

network realization. a result, theR; region is smaller and\,,;,(7) will be larger
1) Comparison to Type | Results: To being the study of han N ’T bi T“ % theX - (k o L5000 0 gk
cooperative time synchronization in general networks, waan /. Tablelll s ows5000 "(lf)”( ) = 5306 2i=1 Xomin (F)
= = Xmaz(k) values and we see that

deploy a network for Simulation with the parameters in @14 Xmax (k) = 5555 2_1=1 Xz

Tablell. The simulation results are displayed in Figln each Xmin(6) = N =4, but X,,,;,,(7) is nearly twice X, (6).

In the following simulation results, we have assumed th
all nodes in the network have no clock skew, ig. = 1
for all <. From SectionV-C we know that generalk; values
result in variance curves that follow the trends estabtistye
curves generated using; = 1. As a result, usingy; = 1

TABLE Il TABLE Il
Simulation 1 Parameters Xmin (k) and Xmaz (k) for Fig. 9

P 19.10 E | Xmin k) | Xmaz (k)

N 4 1 1 1

R 1 2 4.00 27.56

L 5 3 4.00 29.36

d 2 4 4.00 31.86

m 4 5 4.00 33.50

o 0.01 6 4.00 34.60
Number of Runs| 5000 7 7.77 35.32
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x107° Clock Skew Estimate

: there is little randomness in determinidg,, .., (k).

2.2

T
©O- Sample Variance (Worst)
—&— Upper Comparison Curve
o 8 Sample Variance (Best) A 5

—v- Lower Comparison Curve 22 x 10

Clock Skew Estimate
T T

T
O~ Sample Variance (Worst)
4 —A— Upper Comparison Curve
2l B Sample Variance (Best) B
—v~- Lower Comparison Curve

1.8

1.6
181 q

Variance

- P

N >
Variance
-
IS

I
[S)

0.8

0.8

2 3 4 5 6 7 0.6
Hop Number k
Clock Offset Estimate g
0.01 T T T A 0.4 1 1 I 1 1
O Sample Variance (Worst) 1 2 3 4 5 6 7
—A— Upper Comparison Curve Hop Number k

0.009 - 8- Sample Variance (Best) -

—v~- Lower Comparison Curve Clock Offset Estimate

T T
O- Sample Variance (Worst)
—A— Upper Comparison Curve
0.009H - & Sample Variance (Best) 4
—v— Lower Comparison Curve

0.008 -

0.007 -

0.008 1
0.006 -
0.007 4

Variance
o
o
S
&
T

0.006 -
0.004 -
0.005 -

Variance

0.003 -
0.004 -
0.002 -
0.003
0.001
0.002

Hop Number k 0.001-

Fig. 9. Simulation1. Top: Sample variance for the skew estimate !
of a Type Il network along with Type | comparison curves. Bottom:
Sample variance of the offset estimate along with Type | comparisg
curves.

4
Hop Number k

E;. 10. Simulation1b. The Type | comparison curves and the Type

Il sample skew and offset variance curves are lower as compared
to Fig. 9 when N and p are increased. More cooperation yields
improved synchronization performance.

We also note thak,,... (k) increases fron27.56 for k = 2

to 35.32 for k = 7. Using (L8), however, we find thal,,,, = TABLE IV

30. The reasonX,,.. (k) increases with each hop and does Simulation 1b Parameters

not equalN,,., is becauseX,,..(k) is a different statistic.

- ‘ 0 23.87

N @approximates the average numberitf_; nodes seen N 6

by a nodek: at the inner circular boundary dt,. However, R 1

X4 (k) is the largest number of nodes seen by any néde L >

in Ry, for the ith network realization. Therefore‘{%gﬂ(k) is m 4

actually an ordered statistic since it takes the largestb&im o 0.01
Number of Runs| 5000

of nodes seen by a node at hBpX,,.. (k) is thus the mean
of the ordered statistic. Therefore, we would not expeégt,.
and X,,,.. (k) to be the same. AlsaX,,.. (k) increases with ~ 2) Synchronization Performance and Node Density: Next,

k since as the circumference of the circular ring occupied bye want to improve synchronization performance by increas-
Ry increases, there are more nodes at the boundary betwemnnode density. Starting with the parameters for Simaiati
Ry and R;_. Since there are more nodes at the boundary, we increase the minimum number of cooperating nodes
there are also more opportunities to find the largest numlder N = 6 while keepingN/p = 0.25 constant. Therefore,

of nodes seen by a node. Thus, the maximum number offor Simulation 1b (Table IV), p = 23.87 and we plot the
nodes would tend to be larger. Note that, not considering thenulation results in Figl0. Comparing Fig9 and Fig. 10,
effects at the network boundary.,,.;.(k) = N because the it is clear that Fig.10 yields improved skew and offset
definition of the protocol specifies the minimum to Beand variances, thus showing that increased node density agelrlar
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x107* Clock Skew Estimate of Test Node

N values indeed improve synchronization performance in 1o ; : :

Type Il networks. In Tablé/ we showX,,;, (k) and X, q. (k) ;% ?E%%EE&EEEQSWZ
for Fig. 10. Note that there is only a slight decrease in the worst

case skew and offset variance curves at kop 7 since in
this simulation, we have thaX,,,;,,(7) = 6.57 is only slightly

larger thanX,,;,(6) = N = 6.

TABLE V
Kmin (k) and X p,qq (k) for Fig. 10

Variance
o
T
I

k szn(k) ana.r(k)
1 1 1
2 6.00 34.01 ar 1
3 6.00 34.64 o
4 6.00 37.64
5 6.00 39.50 T o i
6 6.00 40.80 , D e A S U
7 6.57 41.70 1 2 3 4 5 . 6 7 8 9 10
4x10’3 Clock Offset Estimate of Test Node
- Sample Variance
Another very effective way to visualize how increasipg 4
—- Lower Comparison Curve

and N can decrease skew and offset variance is to choos
onetest node in the network and consider how its skew and
offset variance decreases as the network density and nwhber
cooperating nodes are increased. In Simulation 2 (Tsbje 25
we placed a test node at distant& = 2.2 from nodel and
simulated its skew and offset variance as we increasadd

N. N took on values ranging fror to 10 and we adjusteg
accordingly to keepV/p = 0.15 fixed. The results are plotted
in Fig. 11 and we clearly see that &¥ increases along with

p, the skew and offset variance of this test node decrease:
Also, from SectionV-B.3, we know that since we keep /p 0sl
constant, the number of hops required to reach the test noc
stays the same as we incredéeTherefore, since the test node o s s . : . : . s -
is at L = 3 for every value of N, we have also plotted the N

upper and lower Type | comparison curves for the skew apfh 1 simulation2. Variance of the skew and offset estimates of
offset variance at hog = 3 to illustrate how the comparison the test node fall between the Type | comparison curves and decrease
curves change in relation to the simulated variance cuiwes.with increasingN and p.

Fig. 11, the simulated skew and offset variance curves of the

test node fall between the Type | upper and lower comparison ) .
have established that the best and worst case variancesvalue

Variance
N

15

curves.
for the Type Il skew and offset estimates fall between the
~ TABLEVI upper and lower Type | comparison curves. As the density of
Simulation 2 Parameters the network andV are both increased, the comparison curves
N7p 015 will shift downwards and become closer together. Thus, we
N [1246810] would expect the variance of the Type Il network estimates to
IL% 212 change similarly with increasing/ and p.
d 1
m 2 VI. CONCLUSION
0.01 : .
Numbefof RuUns 5000 In this paper we have proposed one technique that uses

spatial averaging in dense networks as a means to improving
global time synchronization. Spatial averaging is used to
It is clear that by keeping the rati&//p constant while improve the timing data points that are used to estimate
increasingN and p allows us to reduce the synchronizatiorclock skew and clock offset. By decreasing the error in the
error at each hop while keeping the number of hops requiredtiming data points, improved clock skew and clock offset
synchronize the networl,, constant. The variance of the skewestimates can be made. Our analysis of the technique in@ basi
and offset estimates is decreased by increasing the minimoooperative network revealed that the error variance it bot
number of cooperating nodes. the clock skew and clock offset estimates can be signifigantl
Furthermore, from the simulations in this section, we findecreased as the number of cooperating nodes increases. Sim
that the upper and lower Type | comparison curves providelaion results also show that synchronization over largelfim
good reference to the performance of Type Il networks. Wep networks can be improved by increasing node density.
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Further analysis and a comparison between cooperative avitere

non-cooperative techniques can be found in [19]. =060, S =cHTH)"
This scalable protocol provides an alternate way to combat

the scalability problem. It allows us to simply increase thk is easy to see that

number of nodes in the network to obtain improved syn- _

chronization performance. The new trade-off between nétwo (H'H)!

density and synchronization performance provided by apati H'H)' ... 0
averaging will allow for added flexibility in designing fut = : . :
networks. 0 .. (HTH)!

It is important to note that the concept of spatial averaggng
very general and our proposed cooperative technique isrtaut and
manner in which to take advantage of it. Our protocol shows

. : ) . . 2(2m—1) —6
that techniques using spatial averaging can be designesh Ev (HTH)! = | m(nfD) dm(m+1)
though the proposed protocol has certain limitations, [agh dm@fﬂ) d2(m_11)3n/(7n+1)

requiring access to the physical layer, it allows us to ss&ce .

fully illustrate the performance improvement achievakdang This establishes the initial conditions for the theorémis a
spatial averaging. Future work will focus on other appr@sch2/N x 1 column vector where the subvector made up of the
to spatial averaging. For example, it would be desirable {@(i — 1) + 1)th and @(i — 1) + 2)th elementsj = 1,..., N,
develop a cooperative technique using spatial averagiag tis 6;; = (HTH)"'HTY ;. Therefore, any nodéi’s skew
achieves performance gains while needing only access to gimate 2) and offset estimate3] can be found frond, as
data link or network layer.

évli = 6%1(1-_1)_,'_251 (21)
APPENDIX and
Proof of Theorem 1 Node1 begins the synchronization Ay, — o i 22)
processes by transmitting a sequence of pulses at tigekl, i = €33i—1)4171 — 70

for 1 =0,...,m—1. For simplicity, assume thay andd are \yheree, is the column vector of all zeros except for a one in
integer values. Note that since notldransmits these pulsesihe jth position.

in its own time scale:; (the rgference time), the .pulses Wil Each nodeli can now make an estimate of the next appro-
occur at integer values of Using the clock model inlj, any priate integer value of, in this case = 7, + md, by making

nodel:, i = 1,..., N, in the R, set of nodes will get a vector 5 minimum variance unbiased estimatedgf | + mdfy;» =

of observationsY;, where Y ;[1] = aii(7o — Awi) + Wiin (7 — A1;) + mday;. This can be done with the estimator
and the(l + 1)th element ofYy; is Yy,[l + 1] = a1i(m0 —

Ay;) + lda; + U4, 41. This can also be written as Pl = éli,l + mdéu,z = Coby;
Y1 = Hovi + Wi, (19) whereCy = [1  md]. This will then be noddi’s estimate of
where ~ the next appropriate integer value oin its own time scale
g, — | i1 | _ a1i(to — Agy) Cli-
1 61,2 ay; From ), every nodel: will then transmit a sequence of

with H as in @) and Wi, — [Wii1,..., Wism]T. Since m pulses occurring, in the time scal.e of;, at Xy;(1) =
Wy;,41 is an independent Gaussian random variable for eag} +ldfyp, TOr L = 0,...,m — 1. Using the clock model
I, Wi; ~ A'(0,51;) with Sy; — 0I,,.. As mentioned, this set =" we find that in the time scale ef these pules occur at

of observations is for any node in the set ofR; nodes. . F1i 4 1dOy o — Uy, _
. _ X N o 7 i, 7,041
Since we haveN R; nodes, we can write the vector of (T1i +1dbri2)e, = oL + Ay
observations made by al; nodes as . Yo
o i _ T A gtz - Wrien
Y, =H0 + W, (20) 14 v Qg ay
where Any node2;j in the R, set of nodes that can hear notewill
Yo, 0., Wy, thus get a sequence of pulses
Yl = s 51 = s Wl = YQ] [l + 1]
Yy 015 Wix 14 — 01 Uy, ~
- . - . = ay ((le + Ali —l—ldﬂ _ 1ZJ+1> _ A2j>
and H is as in g). Note thatW, ~ N(0,0%1y,,). This o1 o1 a1
way we haveY; as the vector of observations made by all +Wa5 141,

R, nodes and we can make a UMVU (uniformly minimum

variance unbiased) estimate &f by taking wherel_ =0,...,m—1
. In this Type | network deployment every nodg¢ hears the

6= H"H) 'H"Y, ~ N (fi1,%1), same set ofV nodes and takes the sample mean of each cluster
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of pulses for its observation, we can express the actuabrect EREINE
of observations made by nodg as :
Wi T 1}
Yoi[l +1] w Wa, o 1,1 21,m
N = . = . + .
ZL 9112 Wit A ’ : L o "
i—1 N (e T aq; 2j W2N qjl,m 2{\[71
+‘I’2j,l+17 :
L \IJQN,m J

wherel = 0, ..., m—1. Note that since these pulse arrivals are

clustered, we assume that for a given cluster, each pulselarr This means thaW, ~ N(0, Sy, ), where

!s corrupted by the same jitter. Thus, receiver side jifter; Sw. = Qu¥s QT + 0Ly,

is an independent sample for evénput takes the same value v

for eachi. This models the fact that clock errors occurring in The R; nodes will estimaté, as

a small time window are highly correlated while errors farth = 7 | 7

apart in time are independent. We can rewrite this simply as b = (H _H) _ ?7 Sg - - (23)
ng[l‘f'l] :Oégj((Tl—i-ld@l—\I/ll+1)—A2j)+\I/2jl+1,Where ~ N(GQa(H H) H sz((H H) H ) ) :

N N ;
01 N o L , ,
51 2 Z é I Z distribution of#, sinced, is a function off,. Therefore, we
i=1 i=1 L first consider howd,; is a function of¢;. We find that
~ A ‘Plzl+1 [ (11 — Agy)
\IJ = —_— R — 2] 1 2]
1,041 ; oL 025 sy
. . — . i 1 714 A
Since every node; will see the sameV, this means that _ ag; (5 Zl 1o +A11 Agj)
every node2; will have the samer; and @;. Therefore,r; aQJN Z L 01i.2
. . . L 1= 14
anda; are now fixed, and it can be easily found that - T T - -
- | e i 1%+A1i*A2j)
Wy g - g E O1i2
. ~ N 0,2@ B — ! N =t i
i ' Q2 al dm 6141
L 20
N ; Y 01,2
where B = A A
N . .
S HERRCT I
N2 a2, "

1=1

) ~ Using 24) we have
Node 25’s vector of observations can also be written in a

linear form similar to 19), Yo; = Hb; + Wy, where f2 = A6 + By, (25)
0 — 92j,1 _ a2j(T1 — A2j) where
R YR Qg Lodm g
Q11 O‘fl
with H as in @-) andWQj = [W2j71 . W2j7m]T. 0 EEE R 0 0
S A, =D : S : :
Uy W1 2 ? 0 O o a1
Wy, = . + : NN((LEQJ‘) gy %
. - 0 0 ... 0 -
\Ijl,m \IIQj,m w
with _ Ay 2109y
. 5 ZN: 1 0 0
25 = ol —5 ) Im.
! N P} % B; =D, : - : )
The vector of observations made by dl, nodes can be Ay asnlay
written in a manner similar t020), 0 0
Y, = Hb, + W, for
H Qo1 0 Qg1 0
where . 0 an 0  ax
) Yo ) 021 as Ly, D, = 7 : . ;
Yo=1| |, ba=] |, Q= : oy 0 ... gy O

However, for analysis, this does not give us the complete



Using 23) and @5), the distribution 0152 can now be found. and

p2 = E(02)
= E(E(02/61))
= E(6,)
= E(A201+By) 0
0421(7’0 +md — Agl)
Qa1 2]
= _ (26)
o5 (1o +md — Agy)
Using the decomposition
o o o o o [4]
Cov(f2) = E(Cov(#5]61)) + Cov(E(62]01)),
we have from 23) and @5) 5
Sme = E(Cov(fa]61))
(I:ITI:I)—II:ITEWQ((I:ITI:I)—II:IT)T
(6]
COV(E(82]0,)) = Cov(fs)
= A221A2T7 71
giving us (8]
5y = CoV(fa) = Sy, + AT AT @7)

El
(20]

Thus, the distribution 0§2 is
B ~ N (fiz, o).

6, is again &N x 1 column vector where the subvector madé.1]
up of the @(< — 1) + 1)th and @(i — 1) + 2)th elementsj =
1,...,N, is 6y = (HTH) '"H”Y,,. Therefore, as in21)
and @2), any nodei’s skew estimateZ) and offset estimate
(3) can be found frond, as

(12]

[13]
(28)

~ T =
G2i = €3(;_1)1202

and [14]

(29)
Each node2: will now be able to transmit a sequence of15]
m pulses occurring, in the time scale of;, at X5;(l) =
%Qi‘i’ldéQi,Q, forl = O, - 7m71, Wherei'gi = ég@l +md9A27;72.
Repeating the same process we carried out for the obsersatii®l
of any node2; with any node3j, we can findds ~ N (i3, £3).
In fact, continuing this procedure, we can find the distitmut [17]
of 6, for the R, nodes as

ék ~ N (jig, X)

AQZ‘ = eQT(i_l)_Héz — (7'0 —+ dm)

[18]
where similar to 26) we havej;, = E(ék) which is found in
(7) and similar to 27) we have

ik = COV(ék) = ka + Akik_lAg,

[19]

which is found in 8). 3,,,,, Ay, Bg, and¥, are as in the
theorem statement. As ir2§) and @9), any nodeki's skew
estimate 2) and offset estimate3] can be found fron¥,, as

~ T =
Qi = 62(i71)+201€

This concludes the proof of Theorei

14

Ak’i - eg(i_l)_;'_lék — (TO + dm(k — 1))
A
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