A Quick Summary on Probability for ECE446

(Compiled by Ron.)

Abstract

Part | is a summary of the basic tools | expect you to rememien fyour previous probability class. Part Il is a
sketchy example of the kind of uses we will have for the baakgrmaterial. In the lecture on 8/30 we will look
at some of these examples in more detail. In the backgrouiz Qwill NOT test you on how to use these ideas
applied to concrete networks, that's the topic for this slasinstead, | will give you 310-like type of problems

related to Section |. Happy reviewing... :-)

|. PROBABILITY DISTRIBUTIONS

Definition 1.1: We say that two random variablés, and X, areindependentf and only if the joint
distribution Pr(X; = 1, X5 = x5) = Pr(X; = z1) Pr(Xy = x9).

Definition 1.2: Let X, X5,...X,, be a set ofn random variables. We say that these variables are
independent and identically distributddi.d) if the joint distributionPr(X; = x;, Xo = z9,..., X, =
x,) = Pr(ay, @9, ..., 20) = [[1o, Pr(X; = 2;) =[], Pr(z;)

Definition 1.3: A Bernoulli random variable (RV)X with parameterp is defined by the following
distribution:

Pr(X=0)=1—-p, Pr(X=1)=np.

We denote thisX ~ Bern(p).
Let X, X5, ..., X,, be i.i.d. RVs withX; ~ Bern(p). Let S, =>"" | X;.
Examples:
« M COIn tossess,, counts the number of in these trials.
« n packets are senk; = 1 indicates successful receptia$}, counts the number of packets received
successfully.

Applying the definition of i.i.d. variables in definition 1\#e can write

Pr (Xl = O,XQ = 1,X3 = 1) == PI‘(XI = 0) PI"(XQ = ].) PI'(Xg == 1)



Similarly
Pr(X;=1,X,=1,X3=0) = p*(1—p)

PrX;=1,X,=0,Xs=1) = p*(1—p)

Therefore
Pr(S;) = Pr((X;=0,Xo=1,X5=1) or (X;=1,X,=1,X3=0) or (X; =1,X,=0,X5=1))
= Pr(X;=0,X=1,X3=1)+Pr(X;=1,Xo=1,X3=0)+Pr(X; =1, X, =0, X3 = 1)
= 3p°(1—p).
As can be seen, the order of this and(0’s does not matter. Therefore we have
Pr(S, = k) = (# of sets withk 1's andn — k 0's) - p*(1 — p)"*

Definition 1.4: PermutationsThe number of ways to arrangedistinct objects on a line.
The number of permutations for distinct objects isn!

Definition 1.5: CombinationsThe number of ways to selektdistinct objects out of. distinct objects
when the selection order does not matter. This number istdérwy C'(n, k).
Note thatC'(n, k) = k,(%k), To see this, assume that the fiksitems in the arrangement of theitems
are selected. Then we haw¢ distinct arrangements which accounts to the numerator. ligubtder of
selection is not important so we divide Y. Also the order of the remaining elements is not important
hence we divide again byn — k)!.
Now we can define the following

Definition 1.6: A Binomial RV X is defined by the probability

Pr(X = k) = C(n, k)p"(1 — p)"".

We denote this withX ~ B(n,p). Not that the possible values of range from0 to n.
Clearly, we have that,, ~ B(n,p).
Definition 1.7: The expectation(also referred to as mean) of a random variable is defined by

E(X) = Z:UPI(X =)

where() is the sample space df (namely the set of possible valugs can assume).
« The expectation is lineab'(X +Y) = E(X) + E(Y).

« For a constant number we have thatt(aX) = aE(X).



Example:

Mean for a binomial RVS,,:

where in (a) we used linearity of expectation.

Comment 1.1:Note that contrary to addition, for multiplication in geaker
E(X - X2) # B(X1)E(Xa).

However, forindependent random variables we do have(X; - X,) = E(X;)E(Xs)

Now consider another interesting question: what is the gdodity of receiving a run ofk — 1 zeros
followed by a singlel (probability that the first success is in th&h transmission)Pr(X; = 0, X5 =
0,.... Xpe 1 =0, X, =1)?

Using the i.i.d. property we have that

k—1
Pr(X; =0,X;=0,.., X1 =0,X, =1) = []Pr(X; =0)Pr(X; =1)
=1

= (1—-p)*'p
Definition 1.8: A random variableX is said to have &:eometric distribution with parametep if
Pr(X =k) = (1-p)*'p,

whereQ2 = 1,2, ... . We denote this withX ~ G(p).



The mean for RVX which follows a Geometric distribution can be calculated as

B(X) = i kPr(X = k)

Lastly we define a uniform RV:
Definition 1.9: We say that a RVX has auniform distribution with parameters and b, denoted
X ~Ula,b) if

where) =a,a+1,...,b, andb > a.

II. NETWORK PERFORMANCE

Consider a point-to-point network, with a sour§eand destinatiory'.
Definition 2.1: The throughputof the network is defined as the average packets per unit hatecan
be transmitted fromt to 7' (when using the maximum possible rate):

A~ average # of packets

- unit of time
Note thatu depends on the network characteristics (probability ahps packet, delays in the network)

as well as on the protocol governing the transmission ftomo 7.

Example 1:

Consider a source transmitting over a perfect channel (nkepaare loss) where before the next packet
is transmitted the source must receive acknowledgementertransmission of the previous packet.
Assume the roundtrip delay is,. The throughput of this network is triviallylg. From this simple
example we can see a basic characteristic of the networkiesndalays imply higher throughputs.
Example 2:

Consider now a network with transmittérand receivefl’, where the packets are send in groups\of

packets, all sent in the same instant, and the roundtrip ismg. However, the probability of successful



reception at7’ is p, and we assume that the ACK messages from the rec@ivare received at the

transmitterS without error. Now, for finding the throughput we need first tiverage rate of successful
packet reception. Clearly we can identify the number of ss&ftdly received packets as a Binomial RV
B(N,p). Therefore its expectation, as computed abov&'js Now we have to divide it but the overall

time it takes to transmit this over the network whichtis We get

N

h=



